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Abstract-Local-in-time piecewise smooth solutions to hyperbolic systems of conservation laws 
are constructed by means of Li-Yu theory. The novelty consists in the application of this approach 
to shock waves for which the number of outgoing modes is at least as big as the number of incoming 
modes (undercompressive shocks), the motivation in a possible interpretation from the zero dissipation 
limit point of view. 
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Let U be an open subset of ll?’ and f : U -+ Rn a smooth function, such that Df (u) is R- 
diagonalizable at every u E U. Thus, 
Ut + (f(u)>, = 0 (1) 
is a hyperbolic system of conservation laws. 
Consider henceforth a noncharacteristic shock, briefly, a triple (ui, uz, SO) E U x U x R with 
u; # uz such that the Rankine-Hugoniot condition 
f (u,‘) - f (%) = 44 - 210) 
holds and se is not an eigenvalue of Df (210) nor of D f (u,‘). 
For arbitrary (u, s) E U x W, introduce the spaces 
(2) 
R-(u, s) = c ker(Df (u) - Xl), R+(u, s) = c ker(Df(u) - AI) c Rn. 
X<S X>S 
DEFINITION 1. (~0, u:, so) is said to satisfy condition (IS)’ with respect to a function g if g, 
being of the form 
g(u-, u+, s) = f (a+) - f (u-) - s(u+ - u-) h(u-) u+, s) > 
with some h : N + Rmmn, (3) 
maps an open neighborhood N c U x U x W of (~0, IL:, SO) smoothly into IIP for an m 2 n, 
such that 
s(& %j-, so) = 0 (4) 
and 
-f$U~,U~,SO)R-(u~,SO) CJ3 g-(“~,u~,SO)R+(Ugf,So) dg(U,,u,‘,so, = IF?. (5) 
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To interpret the function g in an interesting way, consider also the regularized systems 
where B : U 4 Wx” is an appropriate viscosity matrix. For concreteness, think of B as being 
strictly stable [l]. A viscous profile, with respect to B, for the triple (u-,u+,s) is any solution 
4 : IR 4 U of the differential equation 
which satisfies the boundary 
the existence of 4 implies 
DEFINITION 2. (ug , I$, SO) 
f(u-) - su- = f(u+) - su+ = c. (8) 
is said to satisfy condition (IS)’ with respect to B, if it satisfies 
(IS)’ with respect to a function g as in Definition 1, which has the additional property that the 
equivalence 
B(4)4’ = f(4) - s4 - c 
conditions 
4(&o) = u*; 
(7) 
(u-,u+ , s) has a viscous profile with respect to B H g(u-, IL+, s) = 0, (9) 
holds in an open neighborhood of (IL;, u$, so) in U x U x R. 
The following is the main point of this note. 
THEOREM 1. Assume that the eigenvalues of of(.) h ave locally constant multiplicity near u0 
and u$. Let (ug, uo+, so) satisfy (I-S)’ with respect to g [B]. With two C’ functions v- : 
(-CqO] + u, v+ : [0, co) --+ U satisfying v* (0) = u$, let 
v(x) = 
{ 
v-(x), x < 0, 
vf(x), x > 0. (10) 
Then there exists, on a neighborhood of (x, t) = (0,O) in t > 0, a piecewise C1 function u such 
that u solves (1) weakly with initial data (lo), u is continuous except along a C2 curve 2 = u(t), 
and for each t, (u(a(t) - 0, t),u(o(t) + 0, t), o’(t)) satisfies (IS)’ with respect to g [B]. Such u is 
unique if attention is restricted to functions assuming values in the union of small neighborhoods 
of u,,u& 
PROOF. By a slight modification of Li-Yu theory. The g- [B-Icompatible shock constitutes a 
free boundary between different smooth parts of the solution. Equation (5) guarantees that the 
corresponding boundary condition 
g(u_,u+, s) = 0 (11) 
describes a well-defined interaction between the solution portions on either side of the shock, 
together with determining the position of the moving shock. For details, see [2]. 
THEOREM 2. Assume that locally near IL&, uz, all eigenvalues of Of(.) are either genuinely 
nonlinear or linearly degenerate. Let (ug , IL:, SO) satisfy (LS)’ with respect to g [B]. Consider 
data (10) with two C1 functions v- : (-00, 0] -+ U, v+ : [0, co) + U satisfying 
]vf(O) - u$] < 6. 
If 6 > 0 is sufficiently small, then there exists, on a neighborhood of (2, t) = (0,O) in t 2 0, 
a piecewise C1 function u such that u solves (1) weakJy with initial data (lo), u is continuous 
except along C2 curves u, [I, . . . , EN, and for each t > 0, (u(a(t) -0, t), u(a(t)+O, t), a’(t)) satisfies 
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(LS)’ with respect to g [B], while (u(&(t) + 0, t), u(&(t) - 0, t), t;(t)) are small classical shocks 
or contact discontinuities. Such u is unique if attention is restricted to functions assuming values 
in the union of small neighborhoods of ~0, ~0’. 
PROOF. Given the proof of Proposition 1 and the following lemma, the transfer to this more 
general situation is straightforward in the light of Li-Yu theory. See again [2] for details. 
LEMMA. Under the assumptions of Theorem 2, the initial value problem for (1) with Riemann 
data 
u(x,O) = 
{ 
u1, x < 0, 
u,, x > 0. 
(12) 
has a self-similar piecewise smooth solution when ]ul - ug (, ]u,. - uz] are sufficiently small. This 
solution u contains a shock which satisfies (LS)’ with respect to g [B] and n - K classical shocks, 
rarefaction waves, or contact discontinuities. Such u is unique if attention is restricted to functions 
assuming values in the union of small neighborhoods of 2~0, u$. 
PROOF. By the Implicit Function Theorem, like in [3]. See [2]. 
EXAMPLES. Call the number K = dim R+(u;, so) + dim R-(uz, so) - TI the multiplicity of the 
non-characteristic shock (u, , u$, SO); K is the amount by which the number of incoming modes 
exceeds n. Due to 
(Df(ugf) - so0R l * s ) - R*(uof,s,& (~0, o - 
&(u+)-f(u-))-s(u+ -u-))= -(u+ -u-), 
(13) 
Equation (5), when it holds, implies 
0) 
(ii) 
m=n-IE+1. (14) 
Consider first a multiplicity 1 shock. Because of (13) and (14), it can satisfy (LS)’ at most 
with respect to g given by 
g(u-, u+, s) = (f(u+) - f(u_)) - s(u+ - u-). 
Using (13) again, one sees that it does so if and only if 
(15) 
R-(u;, so) @ R+(u,+, SIJ) 63 II+,’ - 210) = iv (16) 
holds. Such a shock is called a classical L&an shock wave. Consider any multiplicity 1 
shock (~0, uo’ ,SO) which possesses a profile with respect to some B. If this profile persists 
under small perturbations of Equation (7), e.g., if the unstable manifold, for the flow 
of (7), of ui and the stable manifold of u,, + intersect transversely along the profile orbit, 
then property (9) holds locally with (15), so that condition (LS)’ is satisfied with respect 
to B still if and only if (16) holds. 
For the case described by (16), the results of Theorems 1 and 2 are known [4] slight 
extensions of results in [5]. For condition (16) as such, cf. [3,6,7] as well as, e.g., [8,9]. 
Consider a shock (~0, u$, 0 s ) of multiplicity < 1 (undercompressive shock). Once it has a 
viscous profile, the existence of g satisfying (9) is a geometrically generic property. To see 
this, define smooth functions u * = u*(c, s) through (8) locally near (co, sa) with CO such 
that u*(cc,sa) = ut. g with (9) exists whenever the unstable manifold MC,S of u-(c, s) 
and the stable manifold M& of u+(c, s) intersect transversely for (c, s) = (CO, SO) and 
vary nondegenerately with the parameter (c, s). To have a particular example note that 
multiplicity 0 shocks in the complex Burgers equation satisfy (LS)’ with respect to B = I: 
Appealing to Corollary 3.7 in [lo], take h(u-, u+, s) = det(u-, ug) in (3). 
Theorems 1 and 2 are new for multiplicity < 1 shocks. The Lemma was essentially 
known [ll], though not in the present generality. The transversality of profiles for under- 
compressive shocks was also considered in [ll] . 
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This paper seems to be the first to prove or even formulate a local-in-time persistence result 
for undercompressive shocks in the class of piecewise smooth functions. The heuristics 
associated with boundary condition (ll), however, is rather close to the picture developed 
in [12]. Also, K. Zumbrun [13] has informed me that he as well as Chern and Xin have a 
Glimm scheme type argument showing a certain stability of multiplicity < 1 shocks in the 
hyperbolic context. 
As ingredients of self-similar solutions to unperturbed Riemann data, multiplicity < 1 
shocks which have viscous profiles have been considered by Isaacson, Marchesin, Plohr, 
Schaeffer, Shearer, and others; see [10,11,14,15] and references therein. These authors 
have suggested that such shocks should generally be considered “admissible.” Theorems 
1 and 2 seem to support this perspective, the novelty being the non-Riemann data. 
A point of particular interest is the dependence of the admissible hyperbolic waves on 
the “background” viscosity B. Are there B-parametrized families of different solutions 
theories (each theory corresponding to a limit (6)-+ (3) via E -+ 0, B fixed)? Theorems 1 
and 2 seem to support this idea. 
The actual degree of significance of the solutions obtained in Propositions 1 and 2 should 
be considered unknown as long as no corresponding rigorous results on the zero dissipation 
limit are available. As is obvious, there are shocks-that satisfy (16), but violate Liu’s 
condition (E) [16]-which are stable in the sense of Theorem 1, i.e., uniquely continuable in 
the class of one-jump piecewise smooth solutions, while they are highly f&-unstable. This 
discrepancy corresponds to the fact that the framework of piecewise smoothness suppresses 
resolution of any internal structure of shock waves. Is the viscous profile constraint as 
imposed by Definition 2 able to remedy this weakness of the framework? 
The large time stability of multiplicity < 1 shock waves in the presence of dissipation 
constitutes a deep problem. For the case of certain such shocks in the complex Burgers 
equation, this problem was recently solved by Liu and Zumbrun [17]. 
It is possible to carry over Majda’s stability theory [7] f or classical ideal shock waves to ideal 
multidimensional shock waves of multiplicity < 1, the result being the multidimensional 
analogue of Theorem 1. The details will be written out elsewhere. 
Shocks violating condition (LS)‘, e.g., shocks of multiplicity > 1 (overcompressive shocks), 
may still display an interesting stability behavior; cf. [2,8,9,18,19] and references therein. 
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